Algebraic topology - Homework 5

December 4, 2024

(x) = not for submission, but make sure you understand how to do it
(%%) = not for submission, a bonus question which I find interesting

(1) Operations on CW-complexes. Let X,Y be CW-complexes, with n-cells denoted by
{@4: D" — X"}aer, and {¥}: D™ — Y} e, respectively.

(a) i. Define a cell structure on X UY.

ii. Suppose Y C X is a subcomplex, i.e. (X,Y) is a CW-pair. Define a cell structure
on X/Y.

(b) (Leibniz rule for boundary.) Show that there is a homeomorphism D"*t* ~ D" x DF,
that restricts on the boundary to a homeomorphism

SPHR=1 o (71 5 DF) Ugnory gt (D™ x SEL).

(¢) Assume from now on that X and Y have only finitely many cells. Define a cell structure
on X xY.

(d) Define a cell structure on the suspension ¥ X.
(e) Suppose X,Y are pointed by 0-cells zg € X, yo € Y. Consider the inclusion
XVY > XxY
z — (z,50)
y = (zo,y)

and define the smash product' X AY := X x Y/X VY. Define a cell structure on X AY,
and prove that S™ A Sk ~ Stk

(2) The following parts are unrelated.
(a) Let (X, A) be a CW-pair, and Y any space. Given f: A — Y, denote the gluing of X
to Y along f by
A—7 4y

X*}XUA}fY

n latex, the symbol for the smash product is produced by \wedge, while the symbol for the wedge sum is
produced by \vee.



Now suppose f,g: A — Y are homotopic via h: A x I — Y. Show that X Ua ;Y and
X Ua,q Y are deformation retracts of X x I Uaxrn Y.

In particular, if f and g are homotopic, then X Uy ¢ Y and X U, 4 Y are homotopy
equivalent.

(b) Let Y C X, and suppose X = AU B, Y = C U D are open covers such that C C A and
D C B. Construct a long exact sequence called relative Mayer-Vietoris

- — HM(ANB,CND)— HI"(A,C) @ HY™8(B, D) — HY™8(X,Y) — --- .
Hint: Consider the diagram
0 0 0

| | |

0 —— C(CND) ——— Co(ANB) ——— C,(ANB)/Ce(CND) ——— 0

| | |

0 —— Co(C) B Co(D) —— Co(A) & Ce(B) —— Co(A4)/Ca(C) & Coe(B)/Ce(D) —— 0

l l l

0 — COPY) — CAPX) ——— CAB(X)/C.P(Y) —— 0
0 0 0
(3) Homology of product. Let X be a space.

(a) (%) Given a short exact sequence of abelian groups

0-A4LBL oo

prove that the following are equivalent:
i. There exists an isomorphism B ~ A ® C, under which f becomes the inclusion of A
and g becomes the projection to C.
ii. There exists r: B — A such that ro f =ida.
iii. There exists s: C' — B such that g o s = id¢.
A short exact sequence satisfying the equivalent conditions above is called split.
(b) Let X be a space and (Y, yo) be a pointed space. Prove that

HZ_Sing(X % Y) ~ Hl_Sing(X) @ HZ_Sing(X xY, X x {yo})
(c) Consider Y = S™ and yo = (1,0,...,0), prove that
(X% 8™, X x {yo}) = HEE(X % ™71 X x {yo}).

Deduce that HS™8(X x S™) ~ HY™8(X) @ HY™5(X) (where negative homology groups
are 0).

(4) A filtered space. Let the spaces B C A C X be as in the following drawing. Compute
Ho(X), He(X, A), He(A, B), He(B).



Figure 1: The Pirate
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